In this article we characterize a countable ordinal known as the big Veblen number in terms of natural well-partially ordered tree-like structures. To this end, we consider generalized trees where the immediate subtrees are grouped in pairs with address-like objects. Motivated by natural ordering properties, extracted from the standard notations for the big Veblen number, we investigate different choices for embeddability relations on the generalized trees. We observe that for addresses using one finite sequence only, the embeddability coincides with the classical treeembeddability, but in this article we are interested in more general situations (transfinite addresses and well-partially ordered addresses). We prove that the maximal order type of some of these new embeddability relations hit precisely the big Veblen ordinal ϑΩ Ω . Somewhat surprisingly, changing a little bit the well-partially ordered addresses (going from multisets to finite sequences), the maximal order type hits an ordinal which exceeds the big Veblen number by far, namely ϑΩ Ω Ω . Our results contribute to the research program (originally initiated by Diana Schmidt) on classifying properties of natural well-orderings in terms of order-theoretic properties of the functions generating the orderings.
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Introduction
Well-quasi-orders are common (and sometimes reinvented [1]) ordering structures which play a prominent role e.g. in computer algebra, formal language theory, transition systems, graph theory and mathematical logic. Well-partial-orders are well-quasiorders which are in addition antisymmetric. Hence, they are partial orders which are well-founded and do not admit infinite antichains. For the purpose of this article the difference between these notions will not play any role. In fact, any well-quasi-order can be considered as a well-partial-order after the obvious factorization.
In the late 1970s Diana Schmidt (using results of De Jongh and Parikh) started a research program to classify the closure ordinals of ordinal functions in terms of underlying monotonicity properties [2] . She calculated the maximal order type, i.e. the lengths of the maximal possible linear (thence well-ordered) extension, of several tree-embeddability relations for various classes of trees and she classified closure ordinals of several classes of monotonic increasing functions. At that time these results occurred as mere results in the theory of orderings, but later the proof-theoretic significance of her results have been clarified independently by Friedman [3] and by Rathjen and Weiermann [4] . In essence the well-foundedness of the maximal order types of the embeddability relations in question turned out to be equivalent with the corresponding well-partial-orderedness. Therefore, the maximal order type is in some sense the maximum of proof-theoretical ordinals of (natural) theories which do not prove the well-partial-orderedness. These results indicate a general and intrinsic significance of the invariant provided by the maximal order type.
Another very intriguing facet of maximal order types is their relationship with Feferman's natural well-ordering problem. It is well known in the proof-theoretic community that this is a very deep conceptual problem which is now unsolved for decades. So at a more pragmatic level it seems interesting to collect interesting properties of existing examples of natural well-orderings. With regard to this idea the research initiated by Diana Schmidt (and previously by de Jongh and Parikh) fits very well.
Typically an ordinal notation system T is a term representation of the least set T of ordinals such that 0 ∈ T and such that f (t 1 , . . . , t n ) ∈ T provided that t 1 , . . . , t n were already in T where f is a constructor symbol (from a given signature). For example the constructor symbols could be functions symbols but more general operations can be allowed. Of course in general not much can be said about the order type of T . The situation changes somewhat surprisingly if we require conditions like increasingness, i.e. t i ≤ f (t 1 , . . . , t n ) and monotonicity, i.e. f (t 1 , . . . , t n ) ≤ f (t 1 , . . . , t n ) provided that t i ≤ t i for all i ≤ n. Order-theoretic properties like these can impose a priori
